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We theoretically investigate a system of two coupled bosonic modes subject to both dissipation and
external driving. We show that in the steady state the degree of entanglement between the coupled
bosonic modes can be enhanced by dissipation. The non-monotonic dependence of entanglement on
the decay rates is observed when the bosonic modes are asymmetrically coupled to their local baths.
This counterintuitive result opens a new way to better understand the interplay between noise and
coherence in continuous variable systems driven away from equilibrium.
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Entanglement is one of the strangest features of quantum
mechanics and at the same time a crucial resource for
quantum information processing [1–4]. It is well known
that superposition states, including entangled states, are
extremely sensitive to noise and dissipation. For exam-
ple, decoherence induced by an environment tends to
reduce quantum coherent superpositions to incoherent
mixtures [5], an effect one typically wishes to minimize.
Somewhat counterintuitively, however, decoherence can
also be used to generate entanglement [6–8]. Schemes
to that effect, typically involving atoms coupled to cav-
ity fields, can be modeled as few-level quantum systems
coupled to bosonic modes. In this work we investigate the
effect of dissipation on a set of coupled bosonic modes, in
a setting which does not involve any few-level systems.
Probing quantum aspects in non-equilibrium systems
have recently attracted a lot of interest [6, 9, 10]. The
inevitable coupling of a quantum system with its en-
vironment results in losses, but external pumping can
counter the losses. It is thus of interest to study the non-
equilibrium physics of dissipative driven quantum sys-
tems. Examples include superconducting qubits coupled
to microwave resonators, where as well as photon losses,
microwave photons are added through external pump-
ing [10].
In the current work our aim is to investigate whether
dissipation could be used to generate or enhance entan-
glement between coupled bosonic modes initially pre-
pared in “classical” separable Gaussian states, such as
vacuum, coherent or thermal states. It is, however, not
possible to generate entanglement from classical initial
states of bosonic modes coupled by only passive, i.e., non-
squeezing linear interactions. This is because the state of
any number of passively coupled bosonic modes that are
initially in a classical state will remain classical. This re-
sult still applies in the presence of decoherence and noise,
if the noise can be modeled via passive coupling to addi-
tional bosonic modes. Essentially, what one has, whether
in the presence or absence of dissipation, is equivalent to
a linear optical network involving only beam splitters and
phase shifters, which cannot generate any entanglement
starting from classical states [11].
Here, we are interested in a physical scenario where
bosonic modes are coupled via a squeezing interaction
and thus the coupling is no longer passive. In this case
entanglement between the bosonic modes, initially pre-
pared in “classical” states, may indeed arise. We propose
to counter the effect of losses with an external pump. We
shall restrict ourselves to two coupled bosonic modes,
subject to both dissipation and external pumping. We
have found that dissipation can then increase the de-
gree of entanglement between the modes in the non-
equilibrium steady state [12]. The enhancement of steady
state entanglement between coupled bosonic modes is ob-
served when the modes are asymmetrically coupled to
their local baths.
We consider a two-mode interaction Hamiltonian
Hsys = ωaaˆ
†aˆ+ ωbbˆ†bˆ+ κ(aˆ†bˆ†e−i2ωpt + bˆaˆei2ωpt), (1)
where we have put ~ = 1. The above Hamiltonian
describes a two-mode non-degenerate parametric down-
conversion process, where the modes are commonly
known as the signal and idler. The frequency ωp is
the pump frequency of an arbitrary classical pump field
[13, 14]. When the frequencies ωa and ωb add up to twice
the classical pump frequency, the result is parametric res-
onance. Here we consider a more general scenario where
ωa + ωb 6= 2ωp, in which case the above Hamiltonian de-
scribes parametric amplification with a detuned pump.
A complete description of any physical system should
also take into account the inevitable coupling between
the system of interest and the countless degrees of free-
dom of the external environment. We envisage a physical
scenario where each individual bosonic mode is coupled
to its local bath, each of which is modeled as a collection
of harmonic oscillators and is assumed to be in thermal
equilibrium. The Hamiltonian governing the free evolu-
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2tion of each individual bath takes the form
Henv =
∑
Ω
Ωhˆ†Ω1 hˆ
Ω
1 +
∑
Ω′
Ω′hˆ†Ω
′
2 hˆ
Ω′
2 , (2)
where hˆ†Ω1 (hˆ
†Ω′
2 ) and hˆ
Ω
1 (hˆ
Ω′
2 ) creates and destructs a bo-
son in mode Ω(Ω′) with energy Ω(Ω′), respectively.
The interaction Hamiltonian between each individual
mode and its respective reservoir is assumed to take the
form
Hint =
∑
Ω
σΩ(hˆ
†Ω
1 +hˆ
Ω
1 )(aˆ+aˆ
†)+
∑
Ω′
ηΩ′(hˆ
†Ω′
2 +hˆ
Ω′
2 )(bˆ+bˆ
†).
(3)
It should be stressed that in the Hamiltonian Hint above
the interaction between the coupled bosonic modes and
their respective reservoirs is not simplified using the ro-
tating wave approximation (RWA) [15]. A detailed anal-
ysis of the significance of going beyond the RWA will
be presented elsewhere. However, one should note that
in a strongly coupled system simplifying the system-
environment interaction by using the RWA might lead
to spurious results [16].
Thus the density matrix ρtot describing the closed sys-
tem dynamics of the joint state of the system of inter-
est and the environment is described by a von Neumann
equation of the form
d
dt
ρtot = −i[Htot, ρtot], (4)
where Htot = Hsys +Henv +Hint.
Making a unitary transformation such that H˜tot =
Uˆ1(Hsys + H˜env + Hint)Uˆ
†
1 , where Uˆ1 = e
iωpt(aˆ
†aˆ+bˆ†bˆ),
the above von Neumann equation transforms to
d
dt
ρ1tot = −i[H1tot, ρ1tot], (5)
where ρ1tot = Uˆ1ρtotUˆ
†
1 and
H1tot = ∆1aˆ
†aˆ+ ∆2bˆ†bˆ+ κ(aˆ†bˆ† + bˆaˆ)
+
∑
Ω
Ωhˆ†Ω1 hˆ
Ω
1 +
∑
Ω′
Ω′hˆ†Ω
′
2 hˆ
Ω′
2
+
∑
Ω
σΩ(hˆ
†Ω
1 + hˆ
Ω
1 )(aˆe
−iωpt + aˆ†eiωpt)
+
∑
Ω′
ηΩ′(hˆ
†Ω′
2 + hˆ
Ω′
2 )(bˆe
−iωpt + bˆ†eiωpt), (6)
where ∆1 = ωa − ωp and ∆2 = ωb − ωp. The sys-
tem Hamiltonian then takes the simplified form Hsys =
∆1aˆ
†aˆ+ ∆2bˆ†bˆ+ κ(aˆ†bˆ†+ bˆaˆ), which can now be exactly
diagonalized using a non-unitary Bogoliubov transforma-
tion, aˆ = αlˆ + βmˆ† and bˆ† = βlˆ + αmˆ†, where α and β
are complex parameters. To preserve the bosonic com-
mutation relation, we require that |α|2 − |β|2 = 1, which
results in
α = i
√√√√1
2
√
(∆1 + ∆2) 2
(∆1 + ∆2) 2 − 4κ2 +
1
2
(7)
β = −i
√√√√1
2
√
(∆1 + ∆2) 2
(∆1 + ∆2) 2 − 4κ2 −
1
2
(8)
The system Hamiltonian Hsys is then
Hsys = α11 lˆ
† lˆ + α22mˆ†mˆ, (9)
where
α11 =
1
2
(∆1 −∆2)− 2κ
2√
(∆1 + ∆2) 2 − 4κ2
+
1
2
(∆1 + ∆2)
√
(∆1 + ∆2) 2
(∆1 + ∆2) 2 − 4κ2
α22 = −1
2
(∆1 −∆2)− 2κ
2√
(∆1 + ∆2) 2 − 4κ2
+
1
2
(∆1 + ∆2)
√
(∆1 + ∆2) 2
(∆1 + ∆2) 2 − 4κ2 .
In terms of Bogoliubov modes lˆ(lˆ†) and mˆ(mˆ†), the
Hamiltonian (6) can be written as
3H1tot = α11 lˆ
† lˆ + α22mˆ†mˆ+
∑
Ω
Ωhˆ†Ω1 hˆ
Ω
1 +
∑
Ω′
Ω′hˆ†Ω
′
2 hˆ
Ω′
2
+
∑
Ω
σΩ(hˆ
†Ω
1 + hˆ
Ω
1 )
[
(αlˆ + βmˆ†)e−iωpt + (α∗ lˆ† + β∗mˆ)eiωpt
]
+
∑
Ω′
ηΩ′(hˆ
†Ω′
2 + hˆ
Ω′
2 )
[
(α∗mˆ+ β∗ lˆ†)e−iωpt + (αmˆ† + βlˆ)eiωpt
]
. (10)
In the interaction picture using the unitary transformation Uˆ2 = e
i(Hsys+Henv)t, H1tot transforms as Uˆ2H
1
totUˆ
†
2 . The
system-environment joint state then evolves according to
d
dt
ρ˜tot = −i[H˜int, ρ˜tot], (11)
where ρ˜tot = Uˆ2ρ
1
totUˆ
†
2 and
H˜int =
∑
Ω
σΩ(
˜ˆ
h†Ω1 +
˜ˆ
hΩ1 )
[
(α
˜ˆ
l + β ˜ˆm†)e−iωpt + (α∗˜ˆl† + β∗ ˜ˆm)eiωpt
]
+
∑
Ω′
ηΩ′(
˜ˆ
h†Ω
′
2 +
˜ˆ
hΩ
′
2 )
[
(α∗ ˜ˆm+ β∗˜ˆl†)e−iωpt + (α ˜ˆm† + β˜ˆl)eiωpt
]
, (12)
with ˜ˆx = Uˆ xˆUˆ†. Tracing over the degrees of freedom of the environment, we get a master equation for the reduced
density matrix of the two coupled bosonic modes,
d
dt
ρ˜sys = Trenv
d
dt
ρ˜tot = −iTrenv[H˜int, ρ˜tot]. (13)
For an environment in thermal equilibrium and to first order in the system-environment coupling strength the above
equation takes the form
d
dt
ρ˜sys = −
∫ ∞
0
Trenv[H˜int(t), [H˜int(t− t′), ρ˜sys(t)⊗ ρenv(0)]]dt′, (14)
where to get the final form of the master equation the Born-Markov approximation has been made.
Expanding the double commutator and explicitly considering terms like Trenv[H˜int(t)ρ˜sys(t) ⊗ ρenv(0)H˜int(t − t′)]
and using the secular approximation one gets
d
dt
ρ˜sys = i
[
(|α|2(Γ2 + Γ4) + |β|2(γ6 + γ8))lˆ† lˆ + (|α|2(γ2 + γ4) + |β|2(Γ6 + Γ8))mˆ†mˆ, ρ˜sys(t)
]
+(|α|2Γ1 + |β|2γ5)Llˆρ˜sys(t) + (|α|2Γ3 + |β|2γ7)Llˆ† ρ˜sys(t)
+(|α|2γ1 + |β|2Γ5)Lmˆρ˜sys(t) + (|α|2γ3 + |β|2Γ7)Lmˆ† ρ˜sys(t), (15)
where Lxˆρsys(t) = 2xˆρsys(t)xˆ† − xˆ†xˆρsys(t) − ρsys(t)xˆ†xˆ
and with the set of variables
Γ1 + iΓ2 =
∫ ∞
0
dt′
∑
Ω
σ2Ωe
iΩt′e−i(ωp+α11)t
′
Γ3 + iΓ4 =
∫ ∞
0
dt′
∑
Ω
σ2Ωe
iΩt′ei(ωp+α11)t
′
Γ5 + iΓ6 =
∫ ∞
0
dt′
∑
Ω
σ2Ωe
iΩt′ei(ωp−α22)t
′
Γ7 + iΓ8 =
∫ ∞
0
dt′
∑
Ω
σ2Ωe
iΩt′e−i(ωp−α22)t
′
γ1 + iγ2 =
∫ ∞
0
dt′
∑
Ω′
η2Ω′e
iΩ′t′e−i(ωp+α22)t
′
γ3 + iγ4 =
∫ ∞
0
dt′
∑
Ω′
η2Ω′e
iΩ′t′ei(ωp+α22)t
′
γ5 + iγ6 =
∫ ∞
0
dt′
∑
Ω′
η2Ω′e
iΩ′t′ei(ωp−α11)t
′
γ7 + iγ8 =
∫ ∞
0
dt′
∑
Ω′
η2Ω′e
iΩ′t′e−i(ωp−α11)t
′
.
For the sake of simplifying the calculations without
compromising the physical insight, we assume that each
4bath is in thermal equilibrium at zero temperature and
with a Drude-Lorentz cutoff for the spectral density
J1(Ω) ≈
∑
x σ
2
xδ(x− Ω) ≈ ζ1Ω/(ν12 + Ω2) and J2(Ω′) ≈∑
y η
2
yδ(y − Ω′) ≈ ζ2Ω′/(ν22 + Ω′2) respectively, where
ζ1 (ζ2) is the coupling constant between the first(second)
bosonic mode and its local reservoir. The above set of
integrals can then be analytically solved.
Transforming back from the interaction picture of the
free evolution of the normal modes lˆ and mˆ, the master
equation takes the form
d
dt
ρsys = −i[Alˆ† lˆ +Bmˆ†mˆ, ρsys(t)] + CLlˆρsys(t)
+DLlˆ†ρsys(t) + ELmˆρsys(t) + FLmˆ†ρsys(t),
where
A = α11 − |α|2(Γ2 + Γ4)− |β|2(γ6 + γ8)
B = α22 − |α|2(γ2 + γ4)− |β|2(Γ6 + Γ8)
C = |α|2Γ1
D = |β|2γ7
E = |α|2γ1
F = |β|2Γ7.
Using standard techniques the above master equation for
the density matrix can be converted to a partial dif-
ferential equation for the quantum characteristic func-
tion [15]. Defining a normal ordered characteristic func-
tion χ(, η, t) = 〈elˆ†e−∗ lˆeηmˆ†e−η∗mˆ〉, the steady state
is a thermal state in the normal modes lˆ and mˆ each
with different thermal occupancy and takes the form
χ(, η, t → ∞) = e−D/(C−D)||2e−F/(E−F )|η|2 . Further
defining a normal ordered characteristic function for the
bare modes aˆ and bˆ as χ(a, b) = 〈eaaˆ†e−∗aaˆebbˆ†e−∗b bˆ〉,
and re-expressing the Bogoliubov modes in terms of bare
modes aˆ and bˆ, we get for the quantum characteristic
function
χ(a, b, t→∞) = exp[1/2(|a|2 + |b|2)]
exp[−( D
C −D + 1/2)|aα
∗ − ∗bβ∗|2]
exp[−( F
E − F + 1/2)|bα− 
∗
aβ|2]. (16)
This expression for the steady state of two driven coupled
bosonic modes is one of the main results of this work.
As can be clearly seen the steady state of the coupled
modes depends on the decay strengths of the individ-
ual bosonic modes. Interestingly, this dependence on the
decay strengths is cancelled when the coupling strengths
between each individual mode and its respective reservoir
are identical.
Now in order to compute the quantum correlations be-
tween the coupled bosonic modes aˆ and bˆ, we calculate
the logarithmic negativity [3], shown in Fig. 1. We find
that it is a non-monotonic function of their decay rates.
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FIG. 1: Steady state negativity N calculated as a measure
of the quantum entanglement between the studied two cou-
pled bosonic modes and plotted as a function of their decay
rates ζ1 and ζ2. In panels (a) and (b) black indicates regions
with minimal and white regions with maximal entanglement.
Panel (a) shows the result for two symmetric modes, ωa = ωb,
for which maximum entanglement, N = 0.2, is achieved for
ζ1 = ζ2. Panel (b) shows the result for two asymmetric modes,
ωb/ωa = 0.6, for which the maximum entanglement is ob-
tained for ζ1 6= ζ2. In panel (c) N is plotted as a function
of the decay rate ζ1 for the fixed value of ζ2 = 0.01. One
notes that the negativity has a nonmonotonic dependence on
ζ1 both for the symmetric (solid line) and asymmetric (dashed
line) case. In panel (d), where the same data are plotted on
an expanded scale, one sees that the maximum entanglement
for the asymmetric case appears for ζ1 = 0.003 6= ζ2 = 0.01
(marked by thick vertical lines in panel (d)). All parameters
are given in units of ωa with ωp = 10, ν1 = ν2 = 1 and
κ = |∆1 + ∆2|/10 = 1.84
Interestingly we find that when the detuning between the
pump and the bosonic modes is chosen such that ∆1=∆2,
the steady state entanglement between the modes reaches
its maximal value when ζ1 = ζ2, i.e. when the coupling
is the same between each mode and its reservoir. This
is in stark contrast to the common intuition that envi-
ronmentally induced decoherence always results in loss of
quantum coherence. The results presented in this work
can be experimentally tested in an all-optical setup where
entangled photon pairs are produced as a result of para-
metric down-conversion and propagate through two op-
tical fibres with different degree of losses. It should be
noted that in absence of external pumping i.e. ωp = 0,
it is easy to check that the coefficients D = F = 0.
Thus at zero temperature, the steady state of un-driven
coupled bosonic modes is the ground state which as ex-
pected does not depend on the system-environment cou-
pling strength. Thus it is solely by virtue of external
pumping that a non-equilibrium steady state of the form
(16) is achieved with non-trivial quantum properties.
In conclusion, we have studied the dissipative dynam-
5ics of driven coupled bosonic modes interacting via a two-
mode squeezing interaction. The two bosonic modes were
coupled to their local baths. At zero temperature the de-
gree of quantum entanglement between coupled bosonic
modes is found to be enhanced when the modes are asym-
metrically coupled to their local baths. It is tempting to
draw a connection between heat flow and the enhance-
ment of quantum correlations in non-equilibrium quan-
tum systems. This merits further investigation.
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